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Abstract: In this paper, a novel Markov system dynamics (MSD) simulation frame work 
for the availability modeling of a repairable system is developed. The proposed method 
combines the Markov approach with system dynamics simulation approach for 
availability modeling. This approach will have the advantages of both Markov as well as 
System dynamics methodologies. Initially, the proposed framework is illustrated for a two 
component active redundant system with repair with constant failure and repair rates. 
There after, transient availability modeling with time varying failure and repair rates is 
performed for the same system. It is worth mentioning here that finding the steady state 
condition and transient availability modeling are extremely difficult or impossible using 
traditional approaches. The results of MSD simulation are compared with that obtained by 
traditional Markov method for validation. This has shown that MSD simulation is a good 
alternative to the traditional mathematically intensive methods.   

 Keywords: MSD simulation, transient availability modeling, Markov approach, 
repairable systems, system dynamics. 

 1.   Introduction  

Transient availability modeling is an important process used to evaluate and improve the 
effectiveness of any industrial plant, where most of the machines are repairable systems. 
The complexity of the modern engineering systems besides the need for realistic 
considerations when modeling their availability renders analytical methods very difficult 
to be used. There is extensive literature on availability characteristics of repairable 
systems with two or three components under varying assumptions on the failures and 
repairs [1]-[6]. In these papers, authors used either Laplace transforms method or 
Lagrange’s method to solve Chapman Kolmogorov differential equations associated with 
a particular problem. It has been observed that these methods involve complex 
computations and it is very difficult to compute availability of the system by these 
methods. 

Among several available methods, Markov method is widely used for 
reliability/availability modeling. Markov chain models provide accurate long run 
availability and failure characterization calculations and can sometimes be solved 
analytically, but are hard to formulate and involve high computational effort particularly 
as the number of states grows large. The solution procedure of these models is also 
mathematically intensive. The existing literature shows that if the failure time and/or the 
repair time distributions are not exponential, the analytical expression for the availability 
becomes difficult. Simulation has been used as a powerful tool for modeling and analysis 
of system availability. It is used to represent the dynamic behavior of systems in the most 
realistic sense. Therefore, a simulation technique is required for estimating the availability  
 [7-8]. Many researchers have been searching for alternate methodologies for more 
practical and realistic availability modeling. The present work proposes a hybrid approach 
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called as Markov System Dynamics (MSD) approach for availability modeling. The 
proposed methodology is illustrated for a two component active redundant system with 
repair. However this methodology can be extended easily for more complex multi state 
systems.  
     The rest of this paper is organized as follows. Section 2 proposes a Markov system 
dynamics approach for availability modeling of a two component active redundant system 
with repair with constant failure and repair rates. Section 3 presents the results obtained 
from availability modeling with constant failure and repair rates. Section4 describes the 
transient availability modeling using proposed approach. Finally, Section5 concludes the 
paper.  

2.   Proposed Model 

In order to model the availability of redundant system with repair, the required 
assumptions should be mentioned. The details of the system under study and its 
availability modeling assumptions are stated with an illustrated example. Two separate 
approaches are constructed to model the availability of the system,. The first one is the 
Markov approach and the second one is the proposed MSD approach.  Consequently, to 
mitigate the limitation of the Markov approach [9], the MSD model has simulated and 
compared the results with constant failure and repair rates for availability modeling. 
Thereafter, transient availability modeling is performed on the same system, considering 
time varying failure and repair rates. 

2.1   Conventional Markov Approach 

A two unit active redundant system is considered to describe the approach. As per the 
conventional Markov approach, the following assumptions are used to analyze the system 
under consideration and for the construction of its state transition diagram. 

• The two component active redundant system can be repaired only after both units 
have failed. 

• Only one unit can be repaired at a time. 
• The units have constant failure and repair rates. 

     The state transition diagram for Markov analysis is shown in Figure 1. In this diagram, 
state1 indicates that both the units are in the operating mode, state 2 indicates that the 
redundant unit is in operating mode and the active unit in the failed state, the state 3 
represents a failure of the redundant unit and state 4 indicates that both units are failed and 
thereafter sent for the repair.     
     After the construction of state transition diagram, the remaining stages of traditional 
Markov analysis consist of computation of the state probabilities by solving the resultant 
Chapman Kolmogorov differential equations. This is highly mathematically intensive 
exercise (the interested reader can refer [3] for this solution) for availability modeling of 
the system. After the rigorous mathematical treatment such as by taking Laplace 
transforms both sides to the resultant Chapman Kolmogorov differential equations and 
thereafter solving by use of Cramer’s rule, the following final equations are obtained 
which can be used to compute the state probabilities. 
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By taking the inverse Laplace transforms of the above equations, 
)(),(),(),( 4321 tPandtPtPtP  values can be calculated. But, transforming back to the time 

domain (by taking inverse Laplace transforms both sides to the above equations) is very 
difficult and tedious as described by the several authors [1-6]. Due to this difficulty, they 
performed steady state solution for this type of systems assuming that the steady state is 
reached at time infinity. 

Generally, the steady state availability analysis of systems is evaluated by assuming 
time equals to infinity in these Kolmogorov system of differential equations. However, 
this analysis does not give the exact time at which a system reaches its steady state. In 
many practical situations we require to find the time at which our system reaches steady 
state conditions for planning maintenance activities. The proposed MSD method is 
capable of finding this steady state point and calculates the time dependent availability 
A(t) very easily. This approach is discussed in the following sections.  

 
 
           

 
 

Figure 1: System State Transition Diagram 



206                                              M. S. Rao  and Vallayil N. A. Naikan                    

2.2    MSD Approach 

The origin of the proposed approach: 

Simulation has been used as an approximation tool to remedy the limitations of analytical 
Markov chains. It has been proved by the authors [9]-[10] that the stationary, continuous 
time Markov models are algebraically equivalent to linear system dynamics models. (The 
interested readers can refer the quoted references).  From this, a system dynamics 
representation of Markov models opens up the possibility of numerical solution and of 
avoiding the tedium of analytical solution. The approach of system dynamics was created 
and developed in the late 1950s by a group of researchers led by Forrester at the 
Massachusetts Institute of Technology (MIT), Cambridge, MA [11]. It is a methodology 
which builds on information feedback theory, which provides symbols for mapping 
systems in terms of diagrams and equations, and a programming language for conducting 
computer simulations. Another advantage of system dynamics modeling is that it is easy 
to experiment with alternative values of parameters. Finally, the steady state solutions for 
these problems can be obtained easily by the inspection of the flow diagrams [12]-[13]. 
The present work proposes MSD approach for availability modeling of a two component 
active redundant system with repair as described in the following sections. 

2.3   Availability Modeling of Redundant System with Repair using MSD Approach  

The proposed modeling and analysis methodology [9-10] consists the following stages.  

Stage 1: Construct a State Transition Diagram 
In this stage, the state transition diagram of the considered system as per the Markov 
approach (given in section 2.1) is taken as input for the proposed MSD simulation 
modeling. This proposed modeling has performed in the following stages.  

Stage 2: Data Collection.  
The proposed MSD methodology starts after identification of the system states as per the 
state transition diagram. Consider a two component active redundant system that can be 
repaired only after both units have failed. Only one unit can then be repaired at a time. 
The units have constant failure rates of 2 per month and 4 per month respectively.  The 
mean repair time to complete both repairs (MTTR) is of 20 days (2/3 month). It is 
important to mention here that the failure and repair rates of the system need to be 
established from the failure and maintenance data by parameter estimation techniques as 
usual. Now it is required to solve for the system availability. This illustrative example is 
as similar to the system under study i.e., a two component active redundant system with 
repair. The data regarding the constant failure and repair rates of this illustrative example 
has been used in the proposed MSD simulation model. 

Stage 3: Building the Comprehensive MSD Simulation Model.   
The next stage in the modeling process is to convert the state transition diagram of the 
system in to the rate and level diagrams. The state transition diagram (Figure1) of the two 
component active redundant system with repair is now converted into a comprehensive 
MSD model. This is presented in Figure 2.  
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Figure 2: A Comprehensive Markov System Dynamics Model 
 

In the availability model depicted in Figure 2, the four states of the two component active 
redundant system with repair are indicated with level variables P1, P2, P3, P4 and the state 
transition rates are indicated with rate variables (R12, R13, R34, R24, R41) with the 
corresponding transition rates (λ1, λ2, µ) (λ1, λ2 indicate failure rates of the first and 
second unit respectively and µ indicates repair rate). The initial value of system 
availability (as indicated at the level variable P1) is assumed as unity. The effect of failure 
rate is to decrease the system availability and that of repair rate is to increase the same. 
The state probabilities can be computed for all the four states by running this model over a 
period of time and observing the state variables. The rate variables are influenced by the 
respective auxiliary variables, i.e., failure rate and repair rates of the primary unit and the 
redundant unit along the entire mission or operating time. In this example, it can be seen 
that the system is available for operation when it is in any of the states 1, 2, or 3. The state 
4 is the system down state. That means the sum of state probabilities P1, P2, P3 gives the 
value of system availability at any time. 

Stage 4: MSD Simulation: 
The next stage of MSD approach is to simulate the comprehensive MSD model of the 
system which is developed in the previous stage. This simulation gives the required state 
probabilities of the system for its availability modeling. The following algorithm explains 
the proposed Markov System dynamics simulation steps.  

Proposed Algorithm: 
Step1: The values of transition rates (λ1, λ2, µ) and the time interval dt are taken as 

inputs. Also the total time T is taken as input, i.e., the time for which the system 
has to be simulated. It is important to note that smaller the value of dt, more 
accurate will be the computed values of the state probabilities. 

Step2: Initially set P1 equal to one.   
Step3: Set Pi equal to zero for i= 2, 3, 4. 
Step4: A conditional loop is formed with the condition, t<T. 
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Step5: In each execution of the loop, the time is increased by dt, i.e., t =t + dt. 
           So, the loop will continue till time T with each step taken at time difference dt. 
Step6: As assumed P1 initially has probability unity, and the system fails when it 
           becomes zero. Run a conditional loop as long as the condition i.e., the probability  
            of P1>0 is satisfied. 
 
Step7: Within the loop all the rate variables are calculated. The probabilities of the states      
            are calculated first and the outflow rates are calculated according to the logic as  
            follows. 
 P1 (t) = P1 (t-dt) + (R41-R12-R13)* dt                                    

P2 (t) = P2 (t-dt) + (R12--R24) * dt                                                 
P3 (t) = P3 (t-dt) + (R13-R34) * dt                                       
P4 (t) = P4 (t-dt) + (R34+R24-R41) * dt     

 
Step8: Then all the required values are displayed and the required graphs can be drawn  
            by using these values to study the dynamic behavior. 

Stage 5: The Model Experimentation 
By implementing this algorithm, the model experimentation is performed. The system has 
been simulated by simultaneously considering all the four states. The simulation results 
clearly indicate that the probability of operating state of the system decreases and reaches 
its steady state with increase in time due to primary and redundant unit’s failures. And 
also the system will be in operating state if one of its units is in operating state. The 
system reaches its failed state when both of its units fail. And the sum of P1, P2, and P3 
state probabilities will gives the system availability. 

3.   Results obtained from Availability Modeling with Constant Failure and Repair  
Rates  

So far in the literature, steady state availability modeling of systems is evaluated by 
assuming time equals to infinity in the Kolmogorov system of differential equations. 
However, this analysis does not give the exact time at which a system reaches its steady 
state. In many practical situations we require to find the time at which our system reaches 
steady state conditions for planning maintenance activities. The proposed MSD method in 
this work is capable of finding this steady state point very easily. The proposed approach 
for the illustrative example shows this steady state point, interval and steady state 
availabilities along with the dynamic behavior of the system. The results obtained are 
presented in Table1 which clearly indicates that the simulated results very closely match 
with computed values. It is found that the system reaches its steady state at 2.45 months 
and its steady state availability is 0.278693. It is clear from the results that the proposed 
Markov system dynamics (MSD) modeling frame work can be used as an alternative 
approach to analyze the availability of maintainable systems. Moreover, the MSD model 
developed in this paper can also be used when the failure and repair rates are time varying 
function.  
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Table1: System Availability by MSD and Markov Approach with Constant Failure and Repair 
Rates 

 
Time (months) Availability by MSD 

Approach (A0) 
Availability by Markov 

Approach (Am) 
0.00 1.000000 1.000000 
0.25 0.763295 0.769129 
0.50 0.506252 0.499735 
0.75 0.377222 0.376955 
1.00 0.321413 0.321857 
1.25 0.297758 0.296993 
1.50 0.287402 0.286691 
1.75 0.282635 0.282715 
2.00 0.280336 0.280459 
2.25 0.279189 0.279201 
2.45 0.278693 0.278937 
2.50 0.278605 0.278309 
2.75 0.278304 0.278311 
3.00 0.278148 0.278391 

 4.    Transient Availability Modeling with Time Varying Failure and Repair Rates  
The MSD model (as shown in the Figure 2) has been simulated  by assuming a 
hypothetical case in which the time to failures is following Weibull distribution with 
parameters 90,9.3,100,1.2 2211 ==== θβθβ  and times to repair are following Weibull 
distribution with parameters 150,9.2 33 == θβ  as the inputs. The simulation is continued 
till the system reaches a steady state. The results of simulation are presented in Table 2 
which shows the time dependent probabilities of the system at different states. It is found 
that the system transient availability declining from 1 to 0 within 0 to 332.50 days with 
the above time varying failure and repair rates as input values. It is found that the system 
reaches its steady state at 332.50 days and its steady state availability is 0.508081. In 
conventional methods it is extremely difficult to obtain such time dependent state 
probabilities and to find out when the system reaches its steady state, when the failure and 
repair rates are time varying functions.  
 
Table 2:  System State Probability and Transient Availability with Time Varying Failure and Repair 

Rates 
 

 * Steady state availability 

Time 
(days) 

State Probability Transient 
availability from 
MSD approach P1(t) P2(t) P3(t) P4(t) 

0 1.000000 0.000000 0.000000 0.000000 1.000000 
50 0.675719 0.191514 0.103790 0.028977 0.971023 

100 0.103743 0.133472 0.306065 0.456720 0.543280 
150 0.055772 0.011005 0.293987 0.639236 0.360764 
200 0.040752 0.002852 0.367554 0.588842 0.411158 
250 0.030534 0.001141 0.429546 0.538779 0.461221 
300 0.024065 0.001918 0.477085 0.496932 0.503068 

332.5 0.023748 0.001682 0.482651 0.491919 0.508081* 
350 0.023748 0.001682 0.482651 0.491919 0.508081 
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By considering this type of failure and repair rates, the sensitivity analysis for the system 
availability can be easily performed by using this MSD approach. It is worth mentioning 
here that the MSD modeling will be much easier compared to the traditional approaches to 
study the availability of complex systems. Switchover from conventional methods to 
MSD simulation seems to be the most promising availability modeling strategy  

5.    Conclusions 

In this paper, a hybrid approach called as Markov System Dynamics (MSD) approach has 
been proposed for availability modeling. The proposed framework is illustrated for a two 
component active redundant system with repair. The simulation results obtained when 
compared with that by the traditional Markov analysis for constant failure and repair rates 
clearly validate the MSD approach as an alternative approach for availability modeling. 
The procedure for the development of the MSD approach for this system is explained and 
the model is run to observe all of its states. It is also shown that the MSD approach clearly 
indicates the time at which the system reaches its steady state. Moreover, transient 
availability modeling with time varying failure and repair rates is performed in this paper. 
It is worth mentioning here that finding the steady state condition and transient 
availability modeling are extremely difficult or impossible using traditional approaches. 
However, the proposed MSD approach can calculate the point, interval availabilities with 
time varying failure and repair rates or for any user defined distributions.  
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